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Abstract 



Quantum mechanics on manifolds is not unique and in general infinite 
number of inequivalent quantizations can be considered. They are specified 
by the induced spin and the induced gauge structures on the manifold. The 
configuration space of collective mode in the Skyrme model can be identified 
with and thus the quantization is not unique. This leads to the different 
predictions for the physical observables. 
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1 Introduction 



Quantum mechanics on S*" is not unique and in general infinite number of 
inequivalent quantizations can be considered. Tliey are cliaracterized by tlie 
induced spin and tlie induced gauge structure p, H, ^. For example the 
induced gauge structure on is that of a vortex located at the center of 
(r = 0), for S*^ the gauge structure is that of a magnetic monopole also located 
at the center of 5*^ and furthermore for (and for S'^^~^, n ^ 3) the induced 
gauge field is that of meron or zero-size instanton (generalized meron or 
generalized zero-size instanton ) sitting at the center of S"^ (5'^"'~^)[^, ||, while 
for S"^ (and for S*^", n ^ 3) the gauge field is that of instanton (generalized 
instanton) 0, |^. Quantum mechanics on S"" has been formulated in 
by extending the canonical commutation relations that are valid on the flat 
space, while the authors of have considered as a coset space G/if and 
have obtained the effective Lagrangians that correspond to many inequivalent 
quantizations. Application of this idea to the physical models and extension 
to the field theory [|], ^, |l^, |ri|] are the interesting problems to be pursued. 

In this article we consider the SU(2) Skyrme model as a concrete 
example, where in the semi-classical approximation the problem reduces to 
the quantum mechanics on S^. Adkins, Nappi and Witten (ANW) [|T3] have 
quantized the system and have shown that the model describes the static 
properties of the baryon within 30% accuracy. We show that the assignment 
of the baryonic states in this model is not unique and that ANW analysis 
corresponds to the simplest case of inequivalent quantizations on S^. We 
shall apply the idea of quantum mechanics on to this problem and discuss 
the effects of induced spin as well as gauge structure to the physical quantities 
of this model. 

Quantum mechanics on 5*^ will be reviewed in Sec. 2, and Sec. 3 is a short 
review of SU(2) Skyrme model as developed by ANW. In Sec. 4 we shall 
discuss the inequivalent quantizations in the Skyrme model. Sec. 5 is devoted 
to summary and discussions. 

2 Quantum mechanics on 

In this section we shortly recapitulate the quantum mechanics (QM) on S*" 
0. It is described by the following fundamental algebra 



2 



Xa, Xfj 
X\, Gap 
Gap, Gxfi 



0, (2.1) 

i (^XaSxjS — X^^Aq j , 

i ( ^axGfS^ — SafiGjSX + Sp^GaX — SpxGa^i ] , 



where Ga/s = —Gpa are the generators of S0(?7,+l), and Xa the coordinates of 
5" satisfying YTaJi Xl = r'^. It has been noted that there exist an infinite 
number of inequivalent representations of this algebra, that are characterized 
by the "induced spin" and "gauge structure" . This provides a strong contrast 
to QM on the flat space, where the irreducible representations of the canonical 
algebra 



Xi , Pk 



Xi , Xk 



i5jk, 

Pji Pk 



(2.2) 







is essentially unique. 

In what follows we shall be concerned with the case of S^only, the induced 
Lagrangian @] of which is given as 



-^^induced = -tr [kH ^fij - tr [hKh Mi(a)) a, 



(2.3) 



where (i = 1, 2, 3) is the induced gauge field expressed in terms of the S^- 
variable . The variable /i, an element of SU(2)v, expresses the induced 
spin Si as 



Si = -tr (TihKh-^) 



with 



h = ho — 2Tih 
Ti 



(2.4) 



(2.5) 



Here we utilize the coset space representation GjH for the manifold with 
the identification S'^ = SO (4) /SO (3) = (SU (2)^ xSU (2)j^) /SU (2)^ . K is 
chosen to be ii" = kT^ with a constant k. g & G is given by 



B 
C 



(2.6) 
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where B and C are 2x2 SU(2) matrices. 

Using the section cr (oj) of G/H expressed as 

a{a) = gh-' , (2.7) 

the induced gauge field (if-connection) Ai is given by 

3 

A = $^tr {a-\a)daMa)Tj) Tj . (2.8) 
i=i 

The induced gauge field on is meron (anti-meron) or zero-size in- 
stanton (anti-instanton) [^] located at the center of in R^. The sections 
corresponding to the meron and instanton are respectively 

^2.9) 
with 

A = ao + iTkak, = 1 j • (2-10) 

In terms of these the induced Lagrangian is 

i^induccd = -tr (ir(a/i)"'(a/i)) . (2.11) 











^ A 






i 






K 





3 Skyrme Model 



In this section we briefiy review the SU(2) Skyrme model discussed in [jl3 
One starts with the Lagrangian 

£ = Str {d.Ud^U^) + ^-^tr [{d,U) U\ (dM) U^] \ (3.1) 

where U is an SU(2) matrix transforming as U ^ AUB~^ under the chiral 
SU(2) xSU(2) , = 186MeV is the pion decay constant. There are topo- 
logical soliton solutions in the Lagrangian ( p.l| ) and we identify the soliton 
number with the baryon number. To describe the static soliton , one starts 
with the ansatz 

U (x) = exp (iF (r) r ■ ^ j = Uo (x) , (3.2) 
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with the boundary conditions 

F (r) = IT at r = and F (r) — > as r — oo . 

F (r) is solved numerically by minimizing the static energy. As a semiclassical 
approximation to the Skyrme model, ANW consider 

U (x, t) = A{t)Uo (x) A^{t) , (3.3) 

and quantize the zero mode A(t). Substituting ( p.3|) into (|3.1|) and performing 
the space integral we get 

L = -M + Atr {doAdoA^) , (3.4) 

where 

F 

M = 36.5 X — (3.5) 

e 

is the static energy of the soliton (skyrmion) and 

27r / 1 \ , , 

As A(t) is an element of SU(2), ( p.4|) describes a system defined on (considered 
in section 2) and thus A{t) can be identified with A in ( p.lO| ). Isospin trans- 
formation of A {t) is expressed as A ^ V A. Space rotation, on the other 
hand, can be transferred to the spin transformation of y4(t) and is expressed 
in terms of SU (2) matrix i? as A — * AR. Thus isospin and spin operators 
are obtained from the Noether currents as 

4 = TTM '^0^ «fc^ £kimai^ — , (3.7a) 

Jk = [ ao- SkimaiT; — , (3.7b) 

2 V dao dak oamj 

where A = ao + iTkat and Y^^i=o ^fi = 1- Note that P = J^. 

The wave functions for baryons, i.e., the eigenstates of (/, Is, J, J3) are 

1 i 

|p t) = - (fli + ia2) , |p i) = (ao - ias) , (3.8) 

vr TT 

i 1 
|n t) = - (ao + ias) , |n i) = (cti - ^02) , 

TT TT 

A++ 2\ I • ^3 



2/ vr 
1 \ /2 

A+,s, = -\ = -^(ai + m2){l-3(a^ + a^)} 
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From 



the Hamiltonian is 



H =M+—r 
2A 

= M + (/2 + J2) 



(3.9) 



and the masses of nucleoli and delta are 

1 3 



M + 



M + 



15 



2A 4 ' " 2A 4 

Using the experimental values for Mn and Ma one has 

= 129MeV, e = 5.45 . 



(3.10) 



(3.11) 



The magnetic moments of these states are obtained as follows. The 
isoscalar and the isovector parts of the magnetic moments are respectively 



1 



(/i/=o)j = o / SijkXjBkd 



X 



{l^i=i)i = t; I SijkXjV^d^x 



here 



. ejjksm F 
'27r2 r 



F'xktT{{doA^) Atj] 



(3.12a) 
(3.12b) 

(3.13) 



is the space component of the baryon number (topological number) current 
and V^^ is the space component of the isovector current which satisfies the 
relation 



j dnxkVt = ^mAtr {rkTiA^T^A) . 



(3.14) 



To calculate /i/=o ? one substitutes ( |3.13|) into (|3.12a|) , then carrying out the 
space integral one is lead to 



(/i/=o)3 = ^^TT^ (P Tl tr (doA^Ars) |p T) 
0.09 e 



(3.15) 



271 F^ 
0.09 e 



(pTUsIp T) 
1 



27r F^ 2 
3.0 X 10"^ . 
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Here we used the relation 



Atr (doA^Ara) = -iJ^ . (3.16) 

Similarly, calculation of fij=i is reduced to that of (p t| tr (t^A^TsA^ |p f) and 
using 

(N'l tr {nA^T.A) |N) = ~ (N'l a,Tj |N) , (3.17) 
which is valid for the nucleonic states, one finally has 

(/i/=i)3 = -50.9 X ^ (^-^^ (p tl tr {nA^TsA) |p T) (3.18) 

= -50.9 X J (-^] (-'^] (p tl fTsTa |p T) 
2 50.9 

-TT 



3 \e^F^ V 3 



9 e^F^ 
1.7 X 10^^ 



From ( |3.15| ) and ( ^.181 ) the magnetic moments of proton and neutron in terms 
of the Bohr magneton 1.87 and = —1.31 respectively. 

ANW have calculated also other physical quantities like qa, gmrN and 
S'ttNA- Their conclusion is that the model describes the reality within about 
30%. 



4 Inequivalent Quantizations 

As we saw in the previous section the configuration space of the semiclassi- 
cal approximation to the Skyrme model is S^. The question of inequivalent 
quantizations, discussed in sec. 2, arises here. It is clear that the ANW anal- 
ysis of the previous section corresponds to the trivial quantization with the 
"induced spin" 5 = and induced gauge field = 0. In this section we 
shall discuss the possibility of the other non-trivial quantizations with non- 
zero "induced spin" and induced gauge field and examine the physical effects 
to the results of the Skyrme model. In the following we shall consider the 
cases when the induced gauge field configuration is 1) that of meron and 2) 
that of zero-size instanton . 
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4.1 Meron case 



The section a (a) for the case of meron configuration is 



1 
A 



1 

ao + iTkak 



(4.1) 



As quantum mechanics on 5''^ we introduce the "induced spin" and the in- 
duced gauge field by substituting ( [4 .11 ) into ( p^.8D and (|2.3D. Then the result- 
ing effective Lagrangian is 



where 



L — Lq -\- -^induced 

= -M + Atr [doAdaA^) - tr (Kh-^'h^ + B^a 
Bo = Sitti, Bi = —SiaQ — SijkSjak , 



(4.2) 



(4.3) 



and Si is the "induced spin" operator ( |2.4|) . As the dynamical variables we 
consider and . Since the non-trivial quantization has been already 
taken into account in ( [4.2|) , we can carry out the constrained quantization a 
la Dirac (see Appendix). We obtain the following commutation relations 

(4.4) 



0,^, ci^ 


] = o, 


.d-Ai, T^iy 




{5f,v - 






(O-jyTT^ 


Si, Sj 


'^^ijkSk 


S-/!) Si 




T^fii Si 



is canonical conjugate of d^ and in the d^-diagonal representation is given 



as 



_d_ 

da. 



d_ 

da^ 



(4.5) 



Although the expression 
from 



is identical with the one given in ANW, 



dL 
da,. 



4Ad. + B, 



(4.6) 
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we have 



«M = ^ (^M - ^m) , (4.7) 




which depends on the "induced spin" and induced gauge field in contrast to 
ANW. 
From 

-f'mducod = -tr (^K {ahy^ {ah) 
isospin and spin transformations are respectively 

(4.8a) 
(4.8b) 

Thus using the Noether currents isospin and spin operators are 

/. = /^^^ , (4.9a) 

J, = JANW ^ ^ (4 9^) 

where I^^^ and J^^^ are the expressions of ANW given in (|3.7a|) and (|3.7b|) . 

As is seen, spin Jj depends on the "induced spin" Si, thus the eigen states 
(/, J) are fixed according to the representations of S. The case of ANW 
corresponds to 5* = 0. The only other possibility that can describe N=(|, |) 
and A = (|, |) is the case of 5 = 1. This case is capable of describing the 
following states: 

In what follows we shall be concerned with the effects of the "induced spin" 
and the induced gauge fields on the Skyrme model, identifying the N and A 
with the (i, i) and (|, |) states in S" = 1. 

Baryonic wave functions in our case can be expressed in terms of those 
of ANW as 

V2\p i) 

IpT)) = — I -IpT) h l|pi)) = — I IPi) I , (4.11) 

|nT)) = ^| -|nT) |, ||ni)) 
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where IpT); liiDr'' ^i'g given in ( p.8|) . The Hamiltonian 

H = M+^in,-B,)' (4.12) 
expressed in terms of Jj = J^'^^ + Si and J, is 

H = M + j^(^P + J^- ^S^^ , (4.13) 

thus the baryon mass does have the effect of the "induced spin" . From ( ^.13| ) 
we have 

1 13 

^A = M+---, (4.14) 

and using the experimental N and A masses we obtain 

= 135 MeV (ANW's value = 129 MeV) , (4.15) 
e = 5.37 (ANW's value e = 5.45) . 

Note that the value of F^^e^ is the same as that of ANW. 

Next we examine the magnetic moments. As baryon number current 
and vector current are the same as in ANW, calculation of {^1=0)3 and 
(yU/=i)3 reduces to that of the matrix elements ((p tlhr (^doA^Arsj ||p |)), 
((p til tr {T3AW3A) Hp T)) • Using (^), (j^ and (|t9E|) we have 

tr (^doA^Ar^) = 2i (—aod^ + a^do — 01(22 + 0.20-1) 



^ / tAM^S^ 1 

'3 



A V ' 2 
consequently 

((pT||Atr(9oAMr3)||pT)) (4.16) 
= -.i=(V2(pi|,-(pT|,0) (j3^^^ + ^53 

= {2 (p il J3^^w |p i) + (p Tl |p T) + (P il P i)} 
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Thus 



n no p 

(-"^=0)3 = '^t/ til tr {doA^An) I |p t)) (4.17) 

0.09 e 1 

= X - 

2n 6 

0.09 /e\^^^ 1 
X 0.95 X 



271 \F^J 6 
= (/.,=o)f ^ X 0.32 . 

Similarly the isovector part is 



= -50.9 x | (^-1^) ((p T 1 1 tr (ra A V3 A) ||p ?)) (4.18) 



-50.9x^^ ^ 



X 



3 \e^F^ 

r 2\ 1 / r- \ 1 / V2|pi) 



x/3 

^ ^^^TE^^ {2 (P il c^sTs |p i) + (p Tl f^srs |p T)} 

y G 6 

2 50.9 / 1 

= -71 



-|pT> 
V 



9 e^F^ V 3 



/ xANW 



As a result, the values of (/x/=o)3 and {iJ,i=i)^ differ from those of ANW by 
the factors 0.32 and — |. 

4.2 Inst ant on case 

The section a (a) for the zero-size instanton configuration is 



a 



A \ ^ / ao + iTkttk 
>1 / I ao + iTkak 



The effective Lagrangian is given as 

L — Lo + I/induced (4.19) 

+ Atr {doAdoA'') - tr (^Kh-^h^ + B^a^ , 



= -M 
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where = 2B^ . 

Commutation relations, isospin and spin operators, baryon wave functions 
are the same as in the meron case, the only change being 

«M = ^ -^^)=jx " ^^^^ ^^-^^^ 

i.e., the contribution from the "induced spin" and the induced gauge field to 
is different by a factor 2. 

The Hamiltonian expressed in terms of Jj and Jj is 

H = M+^(^n,-B,y (4.21) 

= M+1.{I' + J') , 

which unlike the case of meron has no contribution from the "induced spin" . 
N and A masses follow from ( [4.21| ) 

^N = M+i--^, (4.22) 



= M + — ■ — , 



15 

2A T 

and if we use the experimental values as the input, we obtain 

= 129 MeV, e = 5.45 

in agreement with ANW. 
From ( [4.20[ ) we have 

tr (aoAUrs) = 2i ( — aocia + a-iCLQ — aid2 + a2<ii) (4.23) 
and the isoscalar part of magnetic moments is 

(/i/=o)3 = '-^Y^^ ((P til tr {doA^An) Hp t)) 

= ^f ((ptlUallpT)) (4.24) 
= 3.0 X 10"^ , 

which is identical to that of ANW. On the other hand {fii=i)^ is the same as 
that of the meron case ( [4.18|) . 



We summarize all the results in table 1. 



12 





meron 


instanton 


isospin /j 


7-ANW 

i 


rANW 

i 


spin Jj 






Hamiltonian H 




rx (I' + J') 




1.05 


1 


g/gANW 


0.99 


1 


,, /,,ANW 


0.32 


1 


,, /,,ANW 




_ 1 



Table 1: Comparison of the meron and the instanton cases with ANW. 

5 Summary and discussions 

SU(2) Skyrme model reduces in the semiclassical approximation to the 
system. We have applied to this system the idea of incquivalcnt quantizations 
of quantum mechanics on 5'^ Inequivalent quantizations are specified by 
the "induced spin"; 5" = 0, |, 1, • • • and by the induced gauge fields; trivial 

= 0, meron (ME), zero-size instanton (INS), etc. The baryonic states 
N= (|, |) and A = (|, |) are present only in S=0 and S = 1 cases. The 
S = case corresponds to ANW analysis. The S = 1 case has been discussed 
in Sec 4. We compare the cases S = O(ANW), S = 1(ME) and S = l(INS) 
in the following. In 5" = 1 case the "induced spin" contributes to the spin 
operator of the skyrmion. The Hamiltonian, on the other hand, has the same 
expression for S* = and S = l(INS), and there appears S dependence for 
S = 1(ME). Using the experimental values for Mn and Ma we obtain the 
same values for F^^, e and the isoscalar part of the nucleon magnetic moment 
in the cases S — and S — 1 (INS), while in the case S — 1(ME) these 
vahics get modified. The isovector part of the nucleon magnetic moment, on 
the other hand, gets modified in the cases S = 1(ME) and S — l(INS), and 
has the same values different from the case of S* = (ANW). 

Thus we see that for SU(2) Skyrme model to describe the baryonic states, 
three cases S = O(ANW), S = 1(ME) and S = l(INS) of quantization are 
possible. When compared with experiment, S — O(ANW) case realizes the 
reality best. However, from the viewpoint of the quantum mechanics on S^, 
these three cases are on the same footing and there is no way of determining 
which quantization has to be adopted. 

Since the Skyrme model stems from the nonlinear sigma model, it would 
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be interesting to trace the field theoretical origin of ^induced- An obvious 
candidate is the Wess-Zumino term which is also related to topology of the 
field configuration space. The field theoretical origin of -^vinduced is important 
also for the argument related to qa , because we need to consider the axial 
vector current of the model. This problem is left for future investigations. 



Appendix 

In this Appendix, we derive the commutation relations ( [4.4|) , using the 
Dirac's quantization method for the system ( [4.2| ). 
Rewriting the Lagrangian ( [4. 21) as 



L = -M + 2X{a^f + n^h^ + B^a^, (A.l) 



where = (2/13,2/12, —'ihi, —2hQ) and has appeared in ( [4.3| ) , we treat 
and as the dynamical variables with the constraints 



Xi = - 1 ^ , (A.2a) 



Conjugate momenta for and /i^ are defined by 

dl 
da 
dl 
dh 



X3 = ht-1^0. (A.2b) 



dL 

= — = 4Aa;. + , (A.3a) 

n; = = , (A.3b) 



respectively. ( [A.3b| ) gives the primary constraints 

= n; - ^ . (A.4) 

Hamiltonian is given by 

Ho = TT^S + n';h^ - L = M + ^ (tt^ - B^f . (A.5) 
Then consistency condition 

Xi = {xuH}^0 (A.6) 
leads to the secondary constraint 

X2 = a-fiT^ii ~ . (A. 7) 
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No further constraints follow from other consistency conditions. 

Wc define the matrix Cij {i, j = 1, ■ ■ ■ , 7) by Cij = {xi, Xj} in terms of 
Poisson bracket { , }• Then, det Cij = shows that there exists first class 
constraint among the above seven constraints Xi = 1; ' ' ' j 7). 

In order to construct the Dirac bracket, we introduce one gauge fixing 
condition 



X8 



. 



(A.8) 



Then, all the constraints Xq, (a = 1, • • • , 8) become second class; det Cap — 
det{xa, X/3} 7^ (a, /3 = 1, • • • , 8), 



Caf3 = {Xa,Xl3} 








2 




















\ 




-2 




































2ho 


2hi 


2h2 


2/i3 















-2ho 











-4A; 


-1 












-2hi 








-4A; 


















-2h2 





4:k 





















-2h 


Ak 
















\ 











1 














/ 



Inverse of C^^ is 

/ 

1 

2 




























1 

2/l3 














■^k -1 












_ J_ 

1 h2 

— 111 
hs 










J_ 

4fc 



1 hi 
' 4kh3 
hi 

h3 






1_ 



1 h2 
4 fc/l3 

1 fel 

4: khs 



hp 






1 

h2 
-k 

ho 

hs 





The definition of Dirac bracket 

{A, B}n ^ {A, B} - {A, Xa}C-^{Xf^, B} 
gives the relations 

{ci^, Q,^ j-j-j , 



(A.9) 



(A.IO) 



(A.ll) 



(A.12) 



15 



where 5*^ = —ti {TihKh ^) is the "induced spin" variable. From ( [A.12[ ), 
commutation relations for the system (|4.2|) become ([4.4]) . 
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